Computer Graphics (Reference Note) BSc.CSIT

Unit 4

Three-Dimensional Geometric Transformation

3D computer graphics or three dimensional computer graphics are graphics that use a three-
dimensional representation of geometric data that is stored in the computer for the purpose of
performing calculations and rendering 2D images.

2D is “flat” using the horizontal and vertical (X & Y) dimensions, the image has only two
dimensions. 3D adds the depth (Z) dimension. This third dimension allows for rotation and
visualization from multiple perspectives.

We can perform different transformation by specifying the three dimensional transformation
vector, however the 3D transformation is more complex than 2D transformation.

Q. What are the issue in 3D that makes it more complex than 2D?

—->When we model and display a three-dimensional scene, there are many more
considerations we must take into account besides just including coordinate value as 2D, some
of them are:

- Relatively more coordinates point are necessary.

- Object boundaries can be constructed with various combinations of plane and curved
surfaces.

- Consideration of projection (dimension change with distance) and transparency.

- Many consideration on visible surface detection and remove the hidden surfaces.

» 3D Geometric Transformation

= 3D Translation

A point is translated from position P(x, y, z) to position P’(x’, y’, z”) with the matrix
operation as: y

x7T [1 0 0 &]px
21710 0 1 ]|z

Parameter t,, t,, t, specify transition distances for the coordinate .

directions X, y, z. This matrix representation is equivalent to three equations:

x'=x+t,
y'=y+tt,
z'=z+t,
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= 3D Rotation

Rotation about Z-axis

x' = xcos@ — ysinf
y' = xsinf + ycosf

zZ =2Z

cosd —-singd 0 0
sind cos& 0 0
R. =
= 0 0 1 0]
0 0 01

Fig. Rotation of an object
aboutz-axis

Rotation about x-axis

y' = ycosO — zsinf
z' = ysinf + zcos0

1 0 0

1 cosd —sinéd
0 siné cosé
0 0 0

= R R e

Fig. Rotation of an object
about x-axis

z

Rotation about y-axis

y =y

z' = zcosO — xsin0
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x' = zsinf + xcos0O

x' cos@ 0 sinf 0]px
y'| _ 0 1 0 0f(y
2/ | —sin@ 0 cos® O0]|z
1 0 0 0 1t

#General 3D rotation (Rotation about any coordinate axis)

> Parallel to any of the co-axis:

When an object is to be rotated about an axis that is parallel to one of the co-ordinate axis,
we need to perform some series of transformation.
1. Translate the object so that the rotation axis coincides with the parallel co-ordinate axis.
T(-a,-b,-c) where, (a, b, ¢) is any point on the rotation axis.
2. Performed the specified rotation about the axis. Rx(0 )
3. Translate the object so that the rotation axis is moved to its original position. T(a, b, c).
Net transformationz T(a, b, ¢) Rx(9). T(-a,-b,-c)

E H tation a ys)\

(k) Translate retation axis into x-axis

z" (a) original position of object

¥
E
{d) Translate rotation axis to onginal axis

(c) Rotate object through angle &

» Not parallel to any of the co-axis:

When an object is to be rotated about an axis that is not parallel to one of the co-ordinate
axes, we need to perform some series of transformation.
1. Translate the object such that rotation axis passes through co-ordinate origin.
2. Rotate the object such that axis of rotation coincides with one of the co-ordinate axis.
3. Perform the specific rotation about selected coordinate axis.
4. Apply inverse rotation to bring the rotation axis back to its original orientation.
5. Apply inverse translation to bring the rotation axis back to its original position.

https://collegenote.pythonanywhere.com Prepared By: Jayanta Poudel



Computer Graphics (Reference Note) BSc.CSIT

i

z
(a) Initial postion (b) Translate p1 to the origin

¥

¥

s -
(d) Rotate the object around z-axis

r
(z) Rotate p2° onto the z-axis

¥

P2

F1
¥
2 £ z
(=) Rf‘:atﬂ t'f'f ais to orginal © iy posate the rotstion sis o its
crientation original position.

1) Translate P1 to origin

1 00 —x
1 0 -y
T(-x1.-v1.-2)) = L

|:| (-x1.-¥1.-21) 00 1 -z
000 1

2) Find transformation that will briﬁg rotation axis P1P2 on z-axis. This will be
accomplished in two steps:
a) Rotation by angle a about x axis that bring vector % into x-z plane, where,

—

V=p,—p1 = (X2 = X1,Y2 — V1,22 — Z1)

v

Unit vector along v , 4 = = = (a, b, ¢) where,

g

a= X2—X1 — Y2=)V1 — %2721 y
9]’ 9]’ 9|
B ] ] 07 1 ] 0 0
0 — 0 0 c/d =-bid 0
- Relo)=| -:l.:rwr Sties - C. ! X

0 sma cosa O 0 bid cid 0
0 0 0 1 [0 0o 0 1 \f

Where, d = Vb? + ¢? z
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b) Rotate by angle B about y axis that brings i on z-axis. y

fecosff 0 sing 0] [d 0 —a O
0 1 0 0} |01 O O
R}'{ﬁ]= = B
—sinf 0 cosf O a 0 4 0 X
0 0 0 1] |00 0 1]

3) Rotation about z-axis.

Z
cosd —s=zind 0O 0
R,(8) = siné  cosd 0 0
’ ] 0 1 0
] 0 a1

4) Find the R;*(B), Ry (o), T~ ti.e. T(x1, y1, 21).
5) Find composite transformation for general rotation by ‘6’ (anticlockwise).

M = T(xlf 3’1;21)- R:;l(a)R;l(,B) Rz(e) Ry(ﬁ) Rx(a)- T(_xlr -V _Zl)

Q. Find the new co-ordinates of a unit cube 90 degree rotated about an axis defined by its
end points A(2, 1, 0) and B(3, 3, 1).

Solution:

Fig: unit cube
Now,
Translating the point (A) to the origin,
100 -2
_{010 -1
T=loo1 o
000 1
Now, rotate the A’B’ about x-axis by angle a until vector i lies on xz-plane. Where,

B=B- A=(3,3,1)-(2,1,0=(1 2 1)
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Unit vector along v, U = % = jg L (\/_, 7 \/_) = (a, b, c) (say)
And, d =Vb%Z +c2= |-

6

1 0 0

Re(a) = |9 cosa —sina 0\ Io c/d —b/d 0‘ Io 15 —2/V5 g
x 0 sma Cosa 0 0 b/d c/d 0 0 2/\/_ L5 0
0 A 1

Again, rotating A'B’ about y-axis by angle £ until it coincides with z-axis.

cosp 0 sinf 0 d 0 —a 0 [\/5/ 0 —1/v6 0]
R =| 0 1 0 of_{o1 0 of_| 1 0 o
y —sinf 0 cosf 0 a0 d 0 |1/\/_ 0 5/6 0|
o 0o o 1f oo o 1 [, o 1

Rotating the unit cube 90 degree about z-axis.

c0s90° —sin90° 0 O 0-100

0y _ |sin90% c¢os90° O O|_f1 O 0 O
R,(90%) = 0 0 10/7{0o 0 10
0 0 01 0 0 01

The combined transformation rotation matrix about the arbitrary axis becomes,
R(6) = T7'R;*(a). R‘l(ﬁ) R (90°) R (ﬁ) Ry (a).T

100 2 ,/5/ 0 1/v6 0]f0 -1 0 ©
R(a)_010101\/_2/\/_ol 1 0 ollt 0o 00
~lo 01 0|[0 2/\/_1/\/_‘)'—1/\/_0 5/60I001o
000 1o | 0 1Jlo 0 01

fﬁo —1/\/_ 01[1 0 0 ]1 00 —2

| 1 0 oIIo 145 —2/V5 0|010—1

0 /576 ollo olfo o1 o

[1/(;/_ / 1]lo 2/\/_ 1/\/_ 1Jlo oo 1

0.116 —-0.075 0983 1742

. R(6) = | 0742 0667 0075 —1151
) —0.650 0.741 0.167 0.560

0 0 0 1
Now, multiplying R(6) by the matrix of original unit cube;
= R(6).P
r 0.116 —-0.075 0983 1.74271;10 0110011
pr— 0.742 0.667 0.075 —1.151||1 1110000
—0.650 0.741 0.167 0560 (]110011001
0 0 0 1 11111111
r 2.650 1.667 1.834 2.816 2.7525 1.742 1909 2.891
pr = —0.558 —0.484 0.258 0.184 —1.225 —1.152 —0.409 —0.483
1467 1.301 0.650 0.817 0.726 0.566 —0.091 0.076
1 1 1 1 1 1 1 1

https://collegenote.pythonanywhere.com Prepared By: Jayanta Poudel



Computer Graphics (Reference Note) BSc.CSIT

= 3D Scaling

Matrix representation for scaling transformation of a position P = (x, y, z) relative to the
coordinate origin can be written as;

X 5. 0 0 0fx
(¥ |0 s 0 Ofy
1710 0 5, 0]z
(17 |0 0 0 1)1

—>For scaling of point P(x, y, z) w.r.t to fixed point (x¢, y¢, z¢) can be represented with the
following transformation.

1. Translate the fixed point to the origin. T(—x¢, —ys, —z¢)

2. Apply scaling w.r.to origin. S(sy, sy, S;)

3. Translate the fixed point back to its original position. T (x, yy, z¢)

M 00 x,Ts, 0 0 0|[1 00 —x,
10010 y,10 s, 0 0[[0 10 -y,
o001z, o 0 5, offo 01 -z

000 1]0 0 0 1jjooo 1

s, 0 0 (1-s)x,]

10 s 0 (-5
1o 0 5, (-s5)z
0 0 0 1

= 3D Reflection

In 3D-reflection the reflection takes place about a plane.

(a) About xy-plane (z-axis)
This transformation changes the sign of the z coordinates, leaving the x and y
coordinate values unchanged.
1 0 0 0
01 0 0
00 -1 0
00 0 1

R.f\}r =

(b) About xz-plane (y-axis)
This transformation changes the sign of the y coordinates, leaving the x and z
coordinate values unchanged.

0 o0
-1 0
1
0

Ee.= .
b 0
0

SO o e
- o oo oo
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(c) About yz-plane (x-axis)
This transformation changes the sign of the x coordinates, leaving the y and z
coordinate values unchanged.

|—1

Rf_.,—z =

(=0 =~ ]
(Sl I == ]

0
1
0
0

[ T e T e

About any plane:

Step-1: Translate the plane such that it passes through origin i.e. normal vector passes
through origin.

Step-2: Rotate the plane such that normal vector lies on one of the co-ordinate axis.

Step-3: Perform reflection about the plane whose normal vector is one of the co-ordinate axis.
Step-4: Rotate back the plane such that normal vector takes its original orientation.

Step-5: Translate back the plane to its original position.

= 3D Shearing
Shearing transformations are used to modify objects shape.

(a) Z-axis shearing

This transformation alters x and y coordinates values by amount that is proportional to the z
values while leaving z coordinate unchanged.

x'=x+ sp,z

Yy =y+spz

z'=2z

x' 1 0 spe O
_’y 0 1 Shy 0
1

(b) X-axis shearing

—_ N 8

This transformation alters y and z coordinates values by amount that is proportional to the x
values while leaving x- coordinate unchanged.

x'=x

Yy =y+spx

z' =z 4 sp,x

X [1 00 0]rx
y'| Isny 1 0 0]y
1T ls,, 01 0ll|z
1l Lo o o 4l

(c) Y- axis shearing

This transformation alters x and z coordinates values by amount that is proportional to the y
values while leaving y- coordinate unchanged.
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X=X+thy

y' =y

z' =z4 s,y

x' 1 Snx 0 0rx
y(=10 1 0 ofly
Z’ 0 Shz 1 0|z
1l lo o o 1M

BSc.CSIT

Q. A homogenous coordinate point P(3, 2, 1) is translated in X, y, z direction by -2, -2 & -2
unit respectively followed by successive rotation of 60° about x- axis. Find the final

position of homogenous coordinate.

Solution:
Here,
ty =—2
ty = —2
t,=—2
1 0 0 -2
0 1 0 -2
r= 0 01 -2
0 0 0 1
[1 0 0
1 0 0o 0 o 1
0 cos60 —sin60 0 2 Ty
0y — —
Re(60D =1 o §in60 cos60 0 _| 0o 1
0 0 o 1l | 22
0 0 0
Composite transformation
[1 0 0 0] [1
0 1 3 100 -2 0
reon.r=| 5 e Cflo 1o 2]
T 2 s oo 01 2|
l J 0 0 0 1 l
0 O 0 1 0
Now,
[1 0 0 -2 ]
1
jo ; =& —1+\/§|§
P=MP=| 5 [14] =
o = - —v3-1]/1
2 2 1
lO 0 0 1 J
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Q. A cube of length 10 units having one of its corner at origin (0, 0, 0) & three edges along
principal axis. If the cube is to be rotated about z-axis by an angle of 45°in counter
clockwise direction, calculate the new position of point.

Solution:
c0os45 —sind5 0 07 T[0.707 —0.707 0 0
o |sinas  cosas 0 o| [0707 0707 0 0
R, (45%) =" o 1 o|l=| o 0 1 0
0 0 0 1 0 0o o0 1
Now,
A B CDE F G H
0.707 —0.707 0 01(0 10 10 0 0 10 10 0
0707 0707 o oflo o 10 10 o o0 10 10
0 o 1 0llo o 0o o 10 10 10 10|=
0 o oyt 111 111 1

(Complete yourself)

s 3D Viewing

In 3D viewing, we specify a view volume in the world, a projection onto a projection plane,
and a viewport on the view surface. Conceptually, objects in 3D world are clipped against the
3D view volume and are then projected. The contents of the projection of the view volume
onto the projection plane, called the window, are then transformed (mapped) into the
viewport for display.

Viewing in 3D involves the following considerations:

- We can view an object from any spatial position. E.qg. In front of an object, Behind
the object, In the middle of a group of the objects, Inside an object.

- 3D descriptions of objects must be projected onto the flat viewing surface of the
output device.

- The clipping boundaries enclose a volume of space.
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3D Viewing Pipeline

Modeling
Transformation

—_— WC —> Viewing —VC

MC —» i
iC Transformation

Normalization
jecti Transformation ‘iew

__ Projection PC ORI NC Viewport

I'ransformation and Transformation

Clipping

General three-dimensional transformation pipeline, from modeling coordinates
to world coordinates to viewing coordinates to projection coordinates to normalized
coordinates and, ultimately, to device coordinates.

Modeling transformation and viewing transformation can be done by 3D transformations.
The viewing-coordinate system is used in graphics package as a reference for specifying the
observer viewing position and the position of the projection plane. Projection operations
convert the viewing-coordinate description (3D) to coordinate position on the projection
plane (2D). (Usually combined with clipping, visual-surface identification, and surface
rendering). Normalization transformation & clipping and view port transformation maps the
coordinate positions on the projection plane to the output device.

% Projection

- Projection is any method of mapping three dimensional (3D) objects into two
dimensional (2D) view plane (screen). In general, projection transforms a N-dimension
points to N-1 dimensions.

- Two types of projection:

a) Parallel projection:

In parallel projection, coordinate positions are transformed to view plane along
parallel line.

- Aparallel projection preserves relative proportion of objects so that accurate
views of various sides of an object are obtained but doesn’t give realistic
representation of the 3D objects.

- Can be used for exact measurement so parallel lines remain parallel.

Fig: Parallel projection of an object to the view plane
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b) Perspective projection:

In perspective projection, objects positions are transformed to the view plane along
lines that converge to point behind view plane.

- A perspective projection produces realistic views but does not preserve relative
proportions. Projections of distance objects from view plane are smaller than

the projections of objects of the same size that are closer to the projection
place.

Py

N
\
\
\
\
N
N
N
N

_—View plane

Con‘vergence
point
Fig: Perspective projection of an object to the view plane

> Parallel projection

On the basis of angle made by projection line with view plane, there are two types of parallel
projection.

i.  Orthographic parallel projection
ii.  Oblique parallel projection

i.  Orthographic parallel projection

- When the projection lines are perpendicular to view plane, the projection is
orthographic parallel projection.

Here, after projection of P(x,y,z) on XY-plane we get P'(x',y") where,
x'=x,y =y &z=0

In homogenous coordinate form,
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~

~

N < R

1000
1o 10 0
“lo 01 0
00 01

=N R

Uy

ii.  Oblique parallel projection

- Here, projection lines make certain angle to view plane.

- Oblique projection is specified with two angle ‘o’ & ‘¢’ where ‘a’ is the angle
made by projection line with view plane line (L) which is formed by joining
oblique projected point P’(x,, ¥,,) and orthogonal projected point P"(x, y) on
point (X, y) on view plane & ‘¢’ is the angle between ‘L’ & horizontal direction
of view plane.

The projected point P’(x,,y,) on XY plane is given by,
X, = x + Lcos6
Yp =¥ + Lsin8
Since tan x= %
“ Xp = X + zcota cos
Yp =¥ + zcota sin

In homogenous matrix form

Xp 1 0 cotacosd 0]rx
Yol _|0 1 cotasind 0|y
Zp 01 0 0|z
1 01 0 1]L1
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» Perspective projection

Let P(x,y,z) be projected on X-Y view plane by perspective projection at P'(x’,y’,z") &
projected line converges point ‘y’ an z-axis at is distance ‘d’ from XY view plane.

AY

View
plane

Convergence
point

We have to find the value of P’(x’,y’, z") from similar triangle NMY & COY.

NM CO
MY ~ oY

x x'

Z+d=g

) d
o X :xz+d

Similarly, from similar triangle AMY & BOY

AM BO

MY ~ BY

y _y

z+d d

) d

4 :yz+d
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Difference between Parallel and Perspective Projection

Parallel Projection

Perspective Projection

Coordinate position of object are transferred
into view plane along parallel line.

Coordinate positions are transferred into view
plane along lines that converges to a point called
convergence point.

Relative proportion of object are maintained.

Relative position not maintained.

It gives accurate view of object.

If view plane is nearest to object image appear
larger & if view plane is farther image appear
smaller.

It doesn’t give realistic view of object.

It gives more realistic view of object as perceived
by human eye.

Used in engineering and architectural
drawing.

Used in building design, rail track design, whose
realistic view is needed.
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