Numerical Methods

Unit 2

Interpolation and Approximation

Let f(x) be continuous function may be used to represent the n + 1 data values with passing
n + 1 points. The process of computing the value of f(x) or y for given x inside the given
range 1s called Interpolation.

X Xg Xq Xp
f(x) f(xo) f(xy) f(xn)
Then the process of finding the value of f(x) corresponding to any value of x 1s called
interpolation.

1. Lagrange Interpolation

Suppose f(x) be a function with f(x,), f(x¢), f(x3), ... ... ... , f (x,,) corresponding to the
values xg, X1, X2, .o oo ... , X, then the Lagrange’s interpolation formula 1s given by;

f(x) _ (x—xl)(x—xz) ..... (Xx—=Xpn) Xf(%g) n (x—xo)(x—xz).....(x—xn) Xf(x1)+ ----

(X0—x1)(X0—%2)....( X0 —X7) (x1=%x1)(X1=%2) (X1 —Xn)

, (x_xﬂ)(x_xl) ----- (X—Xn-1) Ve f(xn)

| (Xn—=%0)(Xn—=%X1).(Xn—Xn—1)

iiiiiiiii

Q. Derive the equation for Lagrange’s interpolating polynomial.

Sol": Let us consider a second order polynomial of the form

P,(x) =b(x —xg)(x—x1) +b(x —x)(x —x5) + b2 (x —x,)(x—x0).......... (1)

If(xo, fo), (x1, f1), (x5, f,) are the three interpolating points, then we have
P,(x0) = fo = by (x¢ — x1) (X — X3)
P,(x1) = fi = b3(x1 — x2) (X1 — Xo)
P,(x3) = fo = by (x5 — x0) (X3 — X1)

Substituting for by, b, & b; 1n equation (1) we get,

T = UAC T H—

Equation (2) may be represented as

P,(x) = folo(x) + fili(x) + fol5(x)

= Lizo fili(x) Where, [;(x) = [I5-0,jx ((:_Z?)

In general, for n+1 points we have n" degree polynomial as B,(x) = X", fil;(x) ......... (3)

Where, [;(x) = [1" ez x))

J=0T#L (—x)

The equation (3) 1s called the Lagrange interpolation polynomial.
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Numerical Methods

Algorithm_For Lagrange’s interpolation

I. Read the number of data n’.
2. Read the value at which value is needed (say y).
3. Read available data points x and f(x).
4. fori=0ton

for j=0 to n

if(i!=j)

L{i]=L{i]* (v-x i])/(<[i]x[j])

end if

end for

end for
5. fori=0ton

sum=sum+L[i]*f[i]

end for
6. Print interpolation value ‘sum’ at y.
7. Stop

Examples

1. Use Lagrange’s interpolation formula find the value of f(x) at x= 10 i.e. f(10) from
following data.

X 5 6 9 11
f(x) 12 13 14 16

Sol":

Here, x, = 5,x; = 6,x, =9,x53 =11

f(xO) — 12:f(x1) — 13!f(x2) — 14!f(x3) = 16

By Lagrange’s interpolation; we have,

f(?C) — (x—x1) (x—x2)(X—x3) ¢ f(x0)+ (x—x0) (X—x2)(X—x3) Ve f(x1)+ (x—xp) (X—x1)(X—x3) e

(xo—x1) (xo—x2) (x0—x3) (x1—x0)(x1—x2)(x1—x3) (x2—x0) (x2—x1) (x2—x3)

f(xz) , (x—x0) (x—x1) (X—x2) Xf(X3)

| (x3—x0)(x3—x1)(x3—x2)

f(].O) _ (10—-6)(10-9)(10-11) % 19 - (10-5)(10-9)(10-11) % 13 1 (10-5)(10-6)(10—-11) v

(5—-6)(5-9)(5—-11) (6—5)(6—9)(6—11) (9-5)(9-6)(9—-11)
- (10-5)(10-6)(10—-9)

(11-5)(11-6)(11-9)
=2-4.3333+11.6666 + 5.3333

=14.66066

2. Find the Lagrange interpolation polynomial to fit the following data.

X 0 1 2 3
e’ 0 1.7183 | 6.3891 | 19.0855
Estimate the value of e'”.
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Sol":

Hel'e, Xog = 0,x1 — 1,x2 — 2,x3 = 3
Fxy) = 0, F(xy) = 1.7183, f(x,) = 6.3891, f (x3) = 19.0855

By Lagrange’s interpolation; we have,

(x—x1)(X—x2)(x—x3) (x—x0) (x—x2)(X—x3) (x—x0) (x—x1)(X—x3)
X) = X X ) X X+ )
f( ) (xo—x1) (xg—x2) (x9—x3) f( 0) (x1—x0) (x1—x2)(x1—x3) f( 1) (x2—x0) (x2—x1) (x2—x3)

f(xz) | (x—x0) (X—x1)(X—x2) Xf(x3)

(x3—x0) (x3—x1)(x3—x2)
- (x-1)(x—2)(x—3) - (x-0)(x—2)(x—3) - (x-0)(x—1)(x—3)
or,f(x) = -1 (0-2)(0-3) X 0 o) (1-2)(1=3) X 1.7183H o) (2-1)(2=3) X 6.3891 +

GO 19.0855

(3-0)(3-1)(3-2)

Now, to estimate the value of e'”,

f(19) _ (1.9—1)(1.9—2)(1.9—3) v O | (1.9—0)(1.9—2)(1.9—3) v 17183 | (1.9—0)(1.9—1)(1.9—3)
(0—1)(0—-2)(0-3) (1-0)(1-2)(1-3) (2—-0)(2—-1)(2-3)
63891 + 12-0UAS"DUAS"2) . 19855

(3-0)(3-1)(3-2)
=0+ 0.1796 + 6.0089 — 0.5439
= 5.6446

.. el? =5.6446

3. Find the value of f(x) at x = 1 for the following data:

X -1 -2 2 4
f(x) -1 -9 11 69

Sol":

I_Iel'ej xo — _1, xl = —2, xZ — 2’ x3 — 4

f(xO) — _Lf(xl) — _grf(XZ) — 11,f(X3) = 69

By Lagrange’s interpolation; we have,

f(x) — (x—x1)(x—x2)(X—x3) W f(xo)l (x—x0) (X—x2)(x—x3) % f(xl)’ (x—xp) (Xx—x1)(X—x3) Ve

(x0—x1) (xp—x2) (x9—x3) (x1—x0)(x1—x2)(x1—x3) (x2—x0) (x2—x1) (x2—x3)

(x—x0) (X—x1) (X—x2)
| X
f(xz) (x3—x0) (x3—x1)(x3—x2) f(X3)
: __ @2a-2a-4) (+DA-2)(1-4) (1+1) (1+2) (1-4)
w f() = (—1+2)(—1—2)(—1—4)( 1)+ (—2+1)(—2—2)(—2—4)( ?) +(2+1)(2+2)(2—4) (11) +

(1+1)(1+2)(1-2)
(4+1)(4+2)(4-2)

=-0.6+2.25+8.25-6.9
=3
oo f(]_) p— 3

(69)
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2. Newton’s Divide Difference Interpolation Method

Suppose f(x) be a function with f(x,), f(x1), f(x3), e ... ... , f (x,,) corresponding to the
values Xy, X1, X5, cv oov ... , X,, then Newton divided difference mterpolation 1s given by;

f(x) = f(xo) + (x —x0)flxg, x1] + (x — x0) (x — x1) fx0, x1, x>

o (x — xo)(x - x1) SRR (x T xn)f[xo;xl, e -xn]

Or, 1t can be also written as;

f(x)=fo+ (x—2x0)Afh + (x —x0)(x — xl)Asz + (X — x0) (x — x1) (x — xz)A3f0 T

Now, we can construct the divided difference table as follows;

I Af nf A
X0 fo
fi—fo
——— = Afo
X1 fl Afl_AfO =A2f0
Xo — X
fz_f1 B Azfj[_Azfo_ 3
xz—xl_Afl s — X = A fo
X fz AfZ _Afl - Azf
X3 —Xq _ i
fs—f
p—— = Af,
X3 f3

Algorithm for Newton Interpolation
I. Read the number of data n’.
2. Read the value at which value is needed (say y).
3. Read the values of x; and f..
4. Initialize sum=fo, mult=1
5. fori=0ton
{
forj=0ton
{
}ﬁ: (f+ 11/ (xj+ 1)
Repeat j
Mult*= (y-x;)
Sum+=f*mult
/
Repeat i
6. Print functional value ‘sum’ at y.
7. Stop
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Examples

1. Using the divide difference table (Newton’s divided difference interpolation). Find the

value of f(1.75).

1.1

2.0

3.5

) /.1

X
/

0.6981

1.4715

2.1287

2.0521 | 1.4480

Sol":

The divide difference table for given data;

X f Af A f A°f A“f
1.1 ] 0.6981
1.4715 — 0.6981
2.0—1.1
= (0.8593
2.0 1.4715 0.4381 — 0.8593
3.5—-—1.1
= —(0.1755
2.1287 — 1.4715 —0.1630 + 0.1755
3.5—-2.0 5—-1.1
= 0.4381 = 0.0031
3.5 | 2.1287 —0.0510 — 0.4381 0.0190 — 0.0031
5—-2.0 7.1—1.1
= —(0.1630 = 0.0026
2.0521 — 2.1287 —0.0657 + 0.1630
5—35 7.1 — 2.0
= —0.0510 = 0.0190
5 2.0521 —0.2876 + 0.0510
7.1 — 3.5
= —0.0657
1.4480 — 2.0521
7.1—15
= —(0.2876
7.1 | 1.4480
We have,

f(x) = f(xo) + (x — x0) flxg, x1] + (x — x0) (x — x1) f|x0, x1, x>
+ (x — x0) (x — x1) (x — x3) fx0, X1, X2, x3] + (x — x0) (x — x1) (x — x) (x
T x3)f[x0rx1!x2!x3!x4]

f(1.175) = 0.6981 + (1.175—-1.1)0.8593 + (1.175 - 1.1)(1.175 — 2.0)(—0.1755)

+(1.175-1.1)(1.175 - 2.0)(1.175 — 3.5)0.0031

+(1.175-1.1)(1.175 - 2.0)(1.175 — 3.5)(1.175 — 5)0.0026

=0.7719
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2. Using Newton’s divide difference interpolating polynomial estimate the value of f(x) at
X = 4 for the function defined as

X 0 2 3 6
f 648 704 729 792

Sol":

The divide difference table for given data;

X f Af A“f A°f
0 648
704—648_28
2—-0
2 704 25-28 ,
3—0
729—704_25 —1+1_O
3—2 6—0
3 729 21-25 .
6—2
792—729_21
6—3
6 792
We have,

f(x) = f(xg) + (x —x0)flxo, x1] + (x — x0) (x — x1) f[x0, x1, X2] + (x — x0) (x — x1) (x —
x2) f [ %0, X1, X2, X3

=648+ (x—0)28+ (x—0)(x—2)(-1)+ 0
~f(4) =648+ (4—-0)28+ (4—-0)(4—2)(-1)
= 752

Methods to find the interpolation with equal intervals

1. Newton Forward Interpolation method

2. Newton Backward Interpolation method

Newton Forward Interpolation method

We know that, Newton’s Forward Interpolation formula as

s(s—1) A2 s(s—1)(s—2)

. vo + ) S(S—l)(S—Z)(S—3)A4

3
A%y + A1

Vs = Yo + SAy, +

Yo
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Where, s = =2
Vo = f(x0),y1 =
x = Value at which mterpolation 1s to be found fQx),eiinyn = f(x)
X o= Initial value
h= Interval of ‘x’
The difference table i1s:
X y Ay A%y A3y
X0 Yo
Ayo = y1 — Yo
X1 V1 Az)’o = Ay, — Ay,
Ay, =y, = )4 AB)’D — Az)’l — AZYD
X2 Y2 A%y, = Ay, — Ay,
Ay, =y3 — ¥,
X3 Y3

Newton Backward Interpolation method

If the table is too long and if the required point is close to the end point of the table, we can
use newton backward interpolation formula.

We know that, Newton’s backward Interpolation formula as

s(s+1 s(s+ 1)(s + 2 s(s+1)(s+ 2)(s+ 3
Ys = Yn +5Vyp + (2, )szn+ ( ;,( )\73yn+ R T & )V’*yn
X¢—Xn

Where, s =

x .= Value at which interpolation is to be found
x,= Final value
h= Interval of ‘x’

The difference table is:

X y Vy sz V3y
X0 Yo
VYo = Y1 — Yo
X1 Y1 VZyo = Vy; — Vy,
VY1 =Y, =) Viy, = V2y — V2,
X2 | Y Vey, = Vy, —Vy,
Vv, = —
X3 Y3
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Examples
1. Find the functional value at x = 25 from the following data using forward difference
table.
X 10 20 30 40 50
y 0.1736 | 0.3420 | 0.5000 | 0.6428 | 0.7660
Sol":
The difference table 1s;
X y Ay A“y A3y Aty
10 0.1736
0.1684
20 0.3420 -0.0104
0.1580 0.0048
30 0.5000 -0.0152 -0.0004
0.1428 0.0044
40 0.6428 -0.0196
0.1232
50 0.7660
Here,
x0=10
h=10
¢ = Xs—Xo _ 25—-10 — 15

h

10

Now according to Newton’s forward difference formula;

Vs = Yo + SAy, +

s(s—1) A2

2!

Yo T+

s(s—1)(s—2) A3

3

Vo T

s(s—1)(s—2)(s—3) A4

4]

y(25) = 0.1736 + (1.5)(0.1684) + == (—0.0104) + —2=—22"2(0.0048) +
1.5(1.5—-1)(1.5—2)(1.5-3) (—0.0004)

=0.4220

4!

~ y(25) = 0.4220

2. Construct Newton forward interpolation formula from given table to evaluate f(5).

X

4

6 |8

10

Y

1

3 8

16

Sol":

The difference table 1s;
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X y Ay A%y A3y
4 |
2
6 3
b 0
8 8
3
10 16
Here,
Xo=
h=2
_ Xs—Xg S5—4 — 05

h 2

Now according to Newton’s forward difference formula;

Ys = Yo T SAyo + —
0.5(0.5—1 0.5(0.5—1)(0.5—2

ys =1+ (0.5)(2) + =22 (3) + 2222022 ()

S(s—1) ,9
2! a

Yo T

=1+1-0.375+0

=1.625

5 £(5) = 1.625

s(s—1)(s—2) A3

3!

3. Find the functional value at x = 3.6 from the following data using forward difference

table.
X 2 2.5 3 3.5 4 4.5
f(x) | 1.43 | 1.053 | 0.76 0.6 0.48 0.39
Sol":
X = f(x) Ay A%y A3y Aty Ay
2 1.43
-0.4
2.5 1.03 0.13
-0.27 -0.02
3 0.76 0.11 -0.05
-0.16 -0.07 0.11
3.5 0.6 0.04 0.06
-0.12 -0.01
4 0.48 0.03
-0.09
4.5 0.39
Here,
Xo=
h=0.5
_ xS;xo _ 3.3;2 — 37
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Now according to Newton’s forward difference formula;

V. = yo + SAyq + s(sz—! 1) A2y, + S(s — 1??!(3 — 2) A3y, + s(s — 1)(54—! 2)(s — 3) Aty
N s(s—1)(s — 25)!(3 —3)(s — 4) ASy,
V6 = 143 +3.2(-0.4) + 2222(0.13) + 22222252 (0,02) +
3.2(3.2—1)(12—2)(3.2—3) (—0.05) + 3.2(3.2—1)(3.2—:!)(3.2—3)(3.2—4) (0.11)
=1.43 - 1.28 +0.4576 — 0.02816 — 0.00352 — 0.001239

=(0.574681

4. Find the value of f(x) at x=17 using Newton’s backward interpolation method for the

following data.
X 0 5 10 15 20
f(x) 1.0 1.6 3.8 8.2 15.4
Sol":
X y=1f{x) Vy VZy V3y V*y
0 1.0
0.6
S 1.6 1.6
2.2 0.6
10 3.8 2.2 0
4.4 0.6
15 8.2 2.8
7.2
20 15.4
Here,
Xn=X4 = 20
h=>5
¢ = xsl—lxn B 17;20 —_06

Now according to Newton’s backward difference formula;
s(s+1 s(s+1)(s+2 s(s+1)(s+2)(s+3
Ve =y + sy, + ( ! ) ( 33'( ) (s +1)( ” )( )\74

" Y17 = 154 + (—0.6)(7.2) + S22 (2.8) SN2t UEREE (0,6) + 0

| 3!
=15.4—-4.32—-0.336 —0.0336 + 0
= 10.7104

V3y, +

Vey, +

Yn

“y1; = 10.7104

5. Estimate the value of In(3.5) using Newton’s backward difference formula, given the
following data

X 1.0 | 2.0 3.0 4.0
In(x) | 0.0 | 0.6931 | 1.0986 | 1.3863
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Solution:
x | y=Inkx) Vy Vay V3y
1.0 0.0
0.6931
2.0 | 0.6931 -0.2876
0.4055 0.1698
3.0 | 1.0986 -0.1178
0.2877
4.0 | 1.3863
Here,
X,=X2 = 4.0
h=1.0
.= xsi—lxn B 3.51—(;-}.0 — _0F5
Now according to Newton’s backward difference formula;
Ve =V, n SVyn S(s+1) szn S(S+1)'(S+2) ngn
Ve = 1.3863 + (= 0 5)(0 2877) + 2220 (~0.1178) +
(—0.5) (- 05+1)( 0.5+2) (0.1698)
= 1.3863 — 0 14385+ 0.014725 — 0.021225

= 1.23595

~ 1n(3.5) = 1.23595

Cubic Spline Interpolation

Cubic interpolation works by constructing the (cubic) polynomial in pieces. Given n points
will construct n-1 different (cubic) polynomials. These polynomial have consistent derivatives
at the end points.

Formula

Formula 1:

hia;_ 1+ 2a;(h; + hyyy) + hyy1aiyq = 6 [f‘;;f‘ _ L }fl‘  FTR (1)
Where ay = a,, = 0

Formula 2:

5;(x) = 2= t(hiU; = UP) + 2L L (UL — hiU) +hii(ﬁUi_1 — i U)o, (2)

h; =x; —x;j_; and U; = x — x;

- Number of coefficient 1s equal to number of points.
- Evaluate equation (1) fori =1ton—1
- Now evaluate equation (2) at i = a value given by position of interval.
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Examples
1. Given the data points

X 4 9 16

f 2 3 4
Estimate the functional value f at x=7 using cubic splines.
Sol":
Here,

hy = x1 — x=9-4=5
h, = x, —x;=16-9=7
fo=2, 1=3, [,=4
a, = a, =0
We have,
hia;_1 + 2a;(h; + hiy1) + hip1ai4, = 6 [

firi—fi fi_fi—l]
Ritq h;
Fori=1

hiay + 2a,(hy + hy) + hya, = 6|22 — fl};fﬂ]

2
4—-3 3—2
5

O+2a1(5+7)+0 — 6[7——
1 1

240, = 6|7 —]

a= -0.0143

Again from second formula,
i—1 i 1
si(x) = C;hi (hiU; — U7) + :—M(Uf_l —hiUi_) + n, (fiUi-1 — fi-1U;)

1
s;(x) = %(h%% — U7) '|':_}:1(U03 — hiU,) + h_l(f1U0 — foU1)

U0=x_x()=x—4

U=x—x1=x-—9

—0.0143
6X5

51(7) =0+ [(7 —4)% = 52(7 — D] +-[3(7 — 4) — 2(7 — 9)]

=2.6229

2. Estimate f(3) from the following data using cubic spline interpolation.

X 1 2.5 4 5.7
f(x) | -20 | 42 | 144 | 31.2
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Sol":

hf=x—x9=25—1=1.5
h,=x,—x,=4—25=1.5

h, =x3—x,=57—4=1.7
fo=—-20,f, =42, f, =144, f; = 31.2
Ay = a; =0

We have,

fiva=Si  Ji—fi-
hia;_y + 2a;(h; + hiz1) + hiy1a;41 = 6 [ ;1 — . 1]

i+1

Fori =1,
h1a0 + Zal(hl + hZ) + hzaz — 6 |:f2h_2f1 flh_lf{]
0+ 2a,(1.5+1.5) + 1.5a, = 6[14'j;4'2 4.21+52.0]
6a, +1.5a, = 16............... (1)

Fori = 2,

h,a; + 2a,(h, + h3) + hya; = 6 [fg_fz fz_fl]

hs h,

1.5a,+ 2a,(1.5+1.7) + 0 = 6| 7222 — 2222

1.7 1.5
1.5a, + 6.4a, = 18.494 ............... (2)

Solving equation (1) & (2) we get,

Cl1 — 2065

az —_ 24‘06

Now,

hi

i— i 1
s;(x) = C;h: (hfU; — U?) + :_hi(Uig—l — hiU;_q) + n (fiUi—1 — fi=1U;)
5,(0) = 2L (h3U, = U3) + 22 (U7 = h3U) + - (foUs — fUs)

U1=x_x1=x—2.5
U2=x—x2=x—4

2.065

5,(0) = 2= (1.52(x — 4) — (x — 4)%) + == ((x — 2.5)° — 1.5%(x — 2.5)) +

% (14.4(x — 2.5) — 4.2(x — 4))
2.065

5,(3) =22 (2256 - 4) - B - 93 +=2((3 - 2.5)° — 2.25(3 - 2.5)) +

— (14.4(3 - 2.5) — 42(3 — 4))
= 7.0793

- f(3) = 7.0793
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Curve Fitting

Curve fitting 1s the process of introducing mathematical relationship between dependent and
independent variables 1n the form of an equation for a given set of data.

Fitting of a straight line

y=a+bx......... (1) where a and b are constant and are unknown.

Solving for a and b, we get

b — nYLXYi— LXi LY
ny x;i— (in)z

a="2_pEt =y bx

Algorithm for linear Regression

I. Read values of n, xi, yi
2. Compute sum of powers and products

3. Compute:
_NLXYi—LXiLYi
= Ta-ga?
a=Yy—bx

5. Print out the equation.
6. Stop

4. Check whether the denominator of the equation for b is zero. If not compute a and b.

Examples

1. Fit a straight line to the following set of data.

X 1 2 3 4 5
y | 3| 4 | 5 | 6 | 8
Sol":
X y x> Xy
| 3 | 3
2 4 4 3
3 5 9 15
4 6 16 24
5 3 25 40
Yx=15 | Xy=26 | Xx*=55 | YXxy =90
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We have,
nyx;Vi —LXi2y; 5X90—15x%X26
b — > — > — 12
aniz—(in) 5x55—-15
- x; 26 15
azzy‘ bZ - = 1.2x— =16
n n 5 5
Therefore the linear equation 1s
y=1.6+1.2x

2. Given the data set (x;,y;) as (20.5, 765), (32.7, 826),(51.0, 873), (73.2, 942), (95.7, 1032)

find the linear least square to fit given data.

Sol":
X y x* Xy
20.5 765 420.25 15682.5
32.7 826 1069.29 27010.2
51.0 873 2601 44523
73.2 9042 5358.24 68954 .4
95.7 1032 0158.49 08762.4
Y>x =273.1 | X y=4438 | ) x* =18607.27 | ).xy = 254932.5
We have,
- nYx;yi —LXxi Ly 5X254932.5—273.1%X4438 s usie
- ”inz — (X2 xi)z  5x18607.27 — (273.1)7 -
- x: 4438 273.1
a=zy‘—bZ - = — 3.3949 X = 702.171
n n 5 5

Therefore the linear equation 1s

y =702.171 + 3.3949x

3. Fit the following set of data to a curve of the form y = ab*.

X 2 4 6 b 10 12
) 16 | 17.1 | 8.7 | 6.4 | 4.7 | 2.6
Sol":
(G1ven that,
y =ab* ........ (1)
Taking log on both side; we have,
logy =loga + xlogb .......... (11)
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Comparing equation (1) with Y = A + Bx

Y =logy
B =loghb
A =loga
X y Y=logy X* XY
2 16 1.20412 ! 2.40824
4 11.1 1.04532 16 4.18128
6 3.7 0.93952 36 5.63712
3 6.4 0.80618 64 6.44944
10 4.7 0.67209 100 6.7209
12 2.6 0.41497 144 4.97964
2. X =42 Y =50822 | X X“=364 | )XY =30.37662
We have,
nyx;y; —2Lx;,y; 6xX30.37662—42 x5.0822
B = 2% — 2 Zzy = > = —0.07427
nyx; — (X x;) 6 X 364 — 42
; x; 5.0822 4.2
A= 2 — B 2 = — (—0.07427) Xx — = 1.36692
n n 6 6
Now,

a = antilog(1.36692) = 23.27662

b = antilog(—0.07427) = 0.84281

So the equation (1) becomes

y = 23.27662 X 0.84281%

4. Fit the following set of data to a curve of the form y = ae

Sol":

X 2 4 6 ] 10 12
y | 16 | 171 | 87 | 6.4 | 4.7 | 2.6
The given curve is y = ae® ........... (i)

Taking log on both sides, we have,

logy = loga + bxloge

Comparing equation (1) with Y = A + Bx

Y =logy
B =bloge
A =loga
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X y Y=logy X? XY
2 16 1.20412 4 2.40824
4 11.1 1.04532 16 4.18128
6 8.7 0.93952 36 5.63712
8 6.4 0.80618 64 6.44944
10 4.7 0.67209 100 6.7209
12 2.6 0.41497 144 4.97964
Y X =42 Y =50822 | YX*“=364 | )XY =30.37662
We have,
_NYXYi—XXilYi _ 6x30.37662—-42x5.0822
= Sa Gy = PR = —0.07427
A=2_ pEXi 30822 ( (07427) x 22 = 1.36692
n n 6 6
Now,

a = antilog(1.36692) = 23.27662

B ~0.07427
b = e —0.17101

The equation (1) becomes

y = 23.27662¢ 017101

Fitting quadratic polynomial

The equation for quadratic polynomial 1s
y=a; + a,x +azx*.......... (i)

The normal form equation of (1) are

na; + a0 X + a3 0 X =0 Vi ceennnnnn, (11)
A XX+ A NXF 4+ A3 DX = XX Vi eeannnnnn, (ii1)
A2 XF+ A XX + a3 X =D XY o (iv)

These equation can be expressed in matrix form as

n NXxi XX dq 2. Yi
XX; XXf fow lazl = IZ XiYi
Yx? YTxP Yatldsl | Xxiy

Examples

1. Find the best fitting quadratic polynomial from following data using least square
approximation.

-2 -1.2 0 | 1.2 2.5 3 4.5 6.3

X
|y 10.39 | 2.96 -2.0 -2.63 | -2.46 | 0.83 3.1 12.8 30.4
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Sol":

Given no. of data (n) =9
The equation for quadratic polynomial 1s
Yy =a;+ a,x +asx“......... (1)

The given equation 1n regression matrix form 1is

n x  Xxflra, Y y;
IS TEED I D W 2 lazl = | XX Vi|l.......... (ii)
Yx? YxP Yxrlasl ¥ xiy,

The various summations are given below,

Y x; = 19.3
Note: To find the value of ¥ x;, Y y;, S x2, Y a2, Yxk, Y x;y,,

2. yi = 53.39 > x?y; using calculator (CASIO fx-991ES) perform following steps:

: 1. Press—>(mode) and 3
2. X ; = 386.07 2. Select 3 and put the value of x and y and press AC.
3. Press :(shift) and (stat 1.e. 1)
3 —
2 xXj = 376.79 4. Select 3: Sum and take the required value.

> xt = 708.5683
> xfy; = 1538.5135

Now from (i)
9 19.3 86.07 aq 53.39
19.3 86.07 376.79 |42 =] 230.5810
86.07 376.79 708.56831 143 1538.5135
1.€.
9a1 + 19.3(12 + 86076[3 —_ 5339
19.3a, + 86.07a, + 376.79a; = 230.5810

86.07a, + 376.79a, + 708.5683a, = 1538.5135

Solving, we get {You can use calculator to solve these equations.
a; = 0.5506,a, =5.0132, a; = —0.5614
The equation (1) becomes

y = 0.5506 + 5.0132x — 0.5614x*

Which 1s required quadratic polynomial.
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2. Fit a quadratic polynomial to the following set of data using least square approximation.

X 1 2 3 4

5

y 10 |12 |8 10

14

Sol":

G1ven no. of data (n) =5

The equation for quadratic polynomial 1s

Yy =ay+ a,x +asx*......... (1)

The given equation In regression matrix form is

n 2. X 2. Vi
2 X; Zx l 2XiVil ...
Yx: o nx? Zx 2 XY

lllllll

The various summations are given below,

in=15,, Zy1=545
> x? =225, Y xit =979,
Now from (11)
15
llS 225
55 225 979
1.€.

5a4 + 15a, + 55a5 = 54
15a, + 55a, + 225a5; = 168
55a, + 225a, + 979a; = 640
Solving, we get

a, =13 ,a, = —3.686, a3 = 0.714

The equation (1) becomes

(11)
> xi7 =55,
inyi — 1685

=l :

163
640

y = 13 — 3.686x + 0.714x2

Which 1s required quadratic polynomial.
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Please let me know 1f I missed anything or anything 1s

Incorrect.
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