Numerical Methods

Unit S

Solution of Ordinary Differential Equations

Let x be an independent variable and y be a dependent variable. An equation with x, y and its
derivatives 1s called a differential equation.

Suppose the first order differential equation;

dy - -
= fO,y) .. (1)

A solution to the differential equation 1s the value of y which satisfies the differential
equation.

Initial Value Problem
Consider the differential equation
y' = f(x,y) with an initial condition y(x,) = y,.

This 1s the first order differential equation. Here the y value at x 1s given to be y,. The
solution y at x, 1s given.

We must assume a small increment h.
x1 — xO 'I' h

x2=x1+h

Let us denote the y values at x4, x,, ...... AS V1s Voo eeennn. respectively.
Vo 18 given and we must find out y4, y,, .......

The mitial value y, 1s given. So, this differential equation 1s called an initial value problem.

» Taylor’s Series Method

y is a function of x. It is written as y(x). By Taylor’s series about the point x,;

THEL T — Yo T

y(x) =y, + 5

xo & vy, denote the mitial value of x & .
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Numerical Methods

Examples

1. Find by Taylor’s series method, the values of y at x = 0.1 & x = 0.2 to fine places of
decimal form.

j—i’z x‘y—1; y(0)=1
Solution:

Given,

d

ﬁ =xy —1

y(0) =1

.. X =0&y, =1

Here,

y' =x‘y—1

y" =x%y" + 2xy

y'" =x%y" + 2xy" + 2(xy' +y) = x%y" + 4xy’' + 2y
yW = x%y"" + 6xy" + 6y’

Now atx, =0 &y, = 1;

Yo =XYoo —1=0—-1=-1
Vo = X5Vo + 2x0Yo=0+0=0
Vo' = x5yy +4x0Y0 + 2y =0+0+2%x1=2

V6" = x50 + 6x0yg +6y5 =040+ 6 x (=1) =

Now, the Taylor’s series 1s;

(x— xo) (x— xo)z (x x0)3 1, (x_x0)4 HH

Vo + Vo + Vo . [Neglecting higher term]

y(x) =y +

2 3 4
=1+%x(—1)+%x0+%x2+%x(—6)

2x3 6x*

1! 3! 4!

3 4
201 X901 _ $.900308

(01)—1——+

2% 0. 23 6x0.2%
4]

~y(0.2)=1-—— + = 0.802267
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2. Find the solution of following differential equation using Taylor’s series method.
y = (x> +xy*)el™,y(0) =1tofindyatx =10.1,0.2,0.3

Sol":

G1ven,
= (x3 + xy?)e(™¥

y(0)=1lie.xg=0&y, =1
Here

= (x3 + xy?)e(™¥

= (x3+xy?)(—e ™) + e ™*(3x% + x2yy' + y?%)
= e *(3x* + x2yy' + y*—x> — xy*)
= e ¥(3x% — x>+ y° + 2xyy’ — xy*)

y" =e*[6x —3x* + 2yy" + 2{x(yy" + (y)*) + yy'} — (x2yy' + y*)] — e7*(3x* —
x3 + y?% + 2xyy’ — xy?)
= e *[6x — 3x* + 2yy' + 2x(yy" + (y)?) + 2yy’' — 2xyy' —y* —3x* + x° — y* —

2xyy' + xy*]
=e ¥[x> —6x%+ 6x+ 4yy' + 2x(yy" + (v)?) — 4dxyy’ — 2y* + xy*]

Nowatxy, =0&y, = 1;

Yo =0

yo =1(0—0+1+0-0) =1

vy’ =1(0-04+0+0+0—-0—-2+0) = —

Now, the Taylor’s series 1s;

y(x) =y, + i x“) Vo + S x")z Vo + I x“)g Vo [Neglecting higher term]
=1+52(0) + %5 0)2 (1) +(x3°)3 (—2)

2 y(0.0) = 1+ @ - BU = 10047

2 y(02) = 1+ 92 02— 10173

= y(03) = 1+ @2 L — 1036
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3. Use the Taylor method to solve the equation
y'=x*+y"

forx =0.25 and x = 0.5 given y(0) = 1.
Sol":

G1ven,
y'=x+y°

y(0)=1lie.xg=0&y, =1

Here,
y'=x°+y*
y' =2x + 2yy’

yur — 2 _I_ Zyyn _I_ Z(yr)z
Nowatx, =0 &y, = 1;

Now, the Taylor’s series 1s;

(x—=x0) _ r (x_xo)z 7 (x_xo)g 1,

y(x) =y, + — Yo+t ——"Yo + Yo [Neglecting higher term]

(x—0)*
2!

(x—0)3

() + %22 (8)

(x—0)
1!

=1+2 (1) +

3

=1+x+x2+83i'

8(0.25)3

~ y(0.25) =1+ 0.25+ (0.25)* + = 1.3333

8(0.5)3

» y(0.25) =14 0.5 + (0.5)% + = 1.81667

» Picard’s Method

Consider the differential equation;

dy B -
rola fO,y) .. (1)

with given initial condition y(x,) = y,

Eq.(1) can be written as
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dy = f(x,y)dx ........... (i1)

Integrating eq.(11) from x, to x w.r.to x.
y X
[ dy = [* f(x,y)dx
15, = [ fx,y)dx
Yy —Yo = f;} f(x,y)dx

y =yo+ [, f(x,y)dx
For 1* approximation we replace y by y, we get,
Vi =Yo T fx}; f(x,y0 )dx
For 2™ approximation we replace y by y,; we get,
Y2 =Yo T f;f(xrh )dx
Similarly, for other approximation we make a general form;
yi = o+ [ f(x,yi1)dx

We continue this process until we get two successive approximation value equal.

Examples
1. Obtain a solution up to the fifth approximation of the equation % =y + X such that

y(0) = 1 using Picard’s process of successive approximation.
Solution:

Here,

ay _
dx—y+x

y(0) =1
.. xg=0&y, =1

Using Picard’s formula, we have;

yi = Yo + [, f(x,yiog ddx
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15" approximation;

Y1 =Yo + [, f(x,y0 )dx
y1 =1+ J; (o + x)dx
y1 =1+ J; (o + x)dx
y1 =1+ [ (1+x)dx

2

2% approximation;

Y2 =Yo T f,:f(x:% )dx
y, =1+ [ (0 + x)dx
2
v, =1-I—ff(1+2x+%)dx

3

y2=1-|—x+x2-l—%

34 approximation;

3 = Yo + [ f(x,y, )dx
ys =1+ [ (v +x)dx
X 5 X7
y3 =1+ ) (1+2x+x +—)dx

4

_ 2 L X0 x
y3 =1+x+x+—+

4™ approximation;

Ya = Yo T foxf(xry?) )dx
o =1+ [ (y3 + x)dx
3 4
Vo =1 +f0x(1+ 2% + x* +%+j—4)dx

3 x4- JCS

_ 2 ¢ X 4 4 X
Va=14+x+x +3+12+120

5™ approximation;

Vs = Yo + Jy £(x, ¥4 )dx
ys =1+ [ (v4 + x)dx

X 4

B X 5 3 x
Va=1+ [ (1+2x+x + =+ +—)dx
= " 2 g X0 X0, X0
Va=1+ [ (1+2x+x + =+ +)dx

4 5 6

X X

_ 2 x> x*
Ya=1+x+x"+ 3 +12 60 720

https://collegenote.pythonanywhere.com/ Prepared By: Jayanta Poudel




Numerical Methods

2. Use Picard’s method, estimate y(0.1) of the following equation;
y'(x)=x*+y* y(0)=0

Solution:

Here,

y'(x) = x* + y?
y(0) =0

i.e. XOZO&)/O :O

Using Picard’s formula, we have;

X
i =Yo + ), f(xyim1 )dx
First approximation;

Vi =Yo T f(ff(xd"o )dx

x3

y1 =0+ [ x?dx ==

3
At x = 0.1,
y; = 0.00033

Second approximation,
Y2 = Yo + Jy f(x,y1 )dx

3

Y2 = 0 +f0xf(xry1 )dx — x?'l'
At x = 0.1,
v, = 0.00033

.9C7

63

Here, y; = y, up to 5 decimal places.

= y(0.1) = 0.00033

» Euler’s Method

In Euler’s method, the slope at (x;, y;) 1s used to estimate the value of y(x;. ) as below;

y(xiv1) = y(x;) + mih 5 my = f(x;, ;)

Choosing smaller values of h leads to more accurate results and more computation time.
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Algorithm:

1. Define f(x,y).
2. Read x,,yy, h and xn where xy& y, are initial conditions,

h is the interval and xp is the required value.
3. n=2220
h
4. Start loop fromi =1ton

3. ¥ =Yot+h*f(xo,¥0)
X=x+h
6. Print values of yy & x.
Check if x < xp
assign X, = x and y, =y
else
goto &.
End loop i
Stop

o

O oo

Examples

1. Giveny' = xy, y(1) = 1. Find y(2) with h = 0. 25.

Solution:

Here,
y' =f(x,y) =xy

y(l) =1 i.e.xo — 1&3]0 — 1

Then,
y(1) =y, =1

v(1.25) =y, =y, + hf(xg, Vo) = yo + h(xg *y,) =1+ 0.25 % (1% 1) = 1.25
y(1.5) =y, =y, + hf(xq,y;) = 1.25 + 0.25 % (1.25 * 1.25) = 1.64

v(1.75) =y =y, + hf(x,,y,) = 1.64 + 0.25 % (1.5 %« 1.64) = 2.26

v(2) =y, = vy + hf (xs,v3) = 2.26 + 0.25 * (1.75 * 2.26) = 3.25

Hence,
y(2) = 3.25
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2. Given the equation y' = 2x> — 3xy, y(1) = 2. Find y(2.5) with h = 0. 5.

Solution:

Here,
y' = f(x,y) = 2x> — 3xy

y(l) :2 i-e-xo —_ 1&y0 :2

Then,
y(1) =y, = 2

y(1.5) =y; = yo + hf (x0,¥0) =2+ 0.5[2 - 3(1)(2)] =0
v(2) =y, =y, + hf(xy,y) =0+ 0.5[2%1.5° —3 1.5 % 0] = 3.375
v(2.5) =y =y, + hf (xy,v,) = 3.375+ 0.5[2 % 2° — 3 % 2 % 3.375] = 1.25

Hence,
y(2.5) = 1.25

> Heun’s Method

- This method 1s also called second order Runge-Kutta method or Modified Euler’s
method.

In Heun’s method, we use the average of the slopes computed at the beginning and at the end
of the interval.
Using Heun’s method, we can estimate the value of y(x;,) as below;

y(xi+1) = y(x;) +§(m1 +m;) /| y(xiz1) = y(x; + h)

Where, my = f(x;,vy;)
m, = f(x; + h,y; + m; X h)

Algorithm.

1. Define f(x,y).

2. Read x,,yy,h and n

3. Fori=0ton-1do

4. Xiy1 = Xj ~+ h

5. my = f(x;, ;)

6. m, = f(x; + h,y; + m; X h)
7.

Vit1 = Vi +g(m1 +m;)
S. Print Xiv1, YVi+1
9. Nexti
10. End
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Examples

1. Use the Heun's method to estimate y(0.4) when y'(x) = x* + y* with y(0) = 0.
Assume h = 0. 2.

Solution:

Here,

y'(x) = flx,y) =x? +y?
y(0) =0 ie.x; =0&y, =0
h=0.2

From Heun’s method, we have;

1% iteration:
my; = f(x0,¥0) =x§ +y5§ =0+0=0

m, = f(xg+ hyo+my*h)=f(0+0.2,0+0x0.2) =f(0.2,0) = 0.2° + 0% = 0.04

S y(xo+h) = y(xg) + g (my + m;)

y(0+0.2) = y(0.2) = y(0) + == (my +m,) = 0+ == (0 + 0.04) = 0.004
~y(0.2) = 0.004

2nd jteration:
Here,

m; = f(xy,v1) = x2 +y? = 0.22 + 0.0042 = 0.040016

m, = f(x; +h,y; + my *h) = £(0.4,0.012) = 0.4% + 0.012% = 0.160144

2 y(e +h) = y0x) +2 (my +my)
v(0.2 + 0.2) = y(0.4) = y(0.2) + "2—2 (0.040016 + 0.160144) = 0.004 + 0.02 = 0.024

-~ y(0.4) = 0.024

2. Apply Runge Kutta method of 2" order to find an approximate value of y when x =
0.2 given that% =x+yandy(0) = 1.

Solution:

Here,

dy _
dx—x+y

v(0)=11e.x0=0&y, =1
let us assume h = 0.2

m; = f(x0,7) =f(0,1)=0+1=1
m, = f(xo+ h y, +my xh) = F(0+02,1+1x0.2) =£(02,1.2) = 1.4
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Then,
y(0.2) = y(0) + == (m; + my) = 1+=-(1+ 1.4) = 1.24

-~ y(0.2) = 1.24

» Fourth Order Runge-Kutta (R-K) Method

h
Yit1 = Yi T g(m1 + 2m, + 2ms + my)
Where,
my = f(X;,Y;)
h mqh
m; zf(xi_l'zryi'l' X )
h m-h
ms =f(xi+5,yi+ ; )
my, = f(x; + h,y; + mzh)
h
yl — yo +g(m1 -+ Zmz + ng +m4,)
Where,

mp = f(xO:J’o2
m, = f(xg T,V T
mzh)

h
msz = f(xg T, Yo T
my = f(xo + h,yo + mzh)
Similarly, for second interval

h
Vo = V1 'I‘E(ml +2m2 —+ 2m3 +m4)

mq h)

Where,
m, =f(x1:3’12 ,
m
my =f(x1+5!yl+ 21 )

h m-h
m3=f(x1+5;J’1+ 22)

my = f(x, + h,y, + mzh)
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Algorithm:

I. Define f(x,y).

2. Read x,,yy,h and n

3. Fori=0ton-Ido

5. my = f(xy,¥;) )
mq
0. » )
7.

S

h
m, = f(x; TV T
h h
my = f(x + 2,y + )
my = f(x; ‘|‘hh! y; + msh)
9. yi_|_1 — yi + E(ml + 2m2 + 2m3 + m4)

10. Print x;, 1, Vit
[1. Next i
12. End

Examples

1. Apply Runge Kutta method of 4™ order to find an approximate value of y when x = 0.2
given that % =x+ yandy(0) = 1.

Solution:

Here,
ay

E=f(xry)=x+y

y(0)=1liex,=0&y,=1
let us assume h = 0.2
Now, from Runge-Kutta method, we have,

m; = f(x0,¥0) =x0+yo=0+1=1

m, =f(x0+%,y0+m;h) =f(0+%,1+“‘°'2

2

) =£(0.1,1.1) = 1.2

ms =f(x0+g!y0_|_m22h) =f(0+%,1+1'2><0'2)

my, = f(xg+ h,yo + msh) = F(0+ 02,1+ 1.22x0.2) = £(0.2,1.244) = 1.444

= £(0.1,1.12) = 1.22

Hence,

y1 =Y(xo+ h) =y, +§(m1 + 2m, + 2m3 + my)
2y(02) = 1+ =2(1+2X 1.2+ 2 X 1.22 + 1.444)
= 1.2428
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2. Obtain y(1.5) from given differential equation using Runge-Kutta 4™ order method.

2: F2x*y = 1and y(1) = 0. [take n=0.25]

Solution:

Here,

_ady _ 4 5.2
f(x,y)—dx—l 2xX“y
(1) =01e.x0=1&y, =0
h=0.25

Now, from Runge-Kutta method, we have,

1% iteration
m; = f(x0,V0) =1—2x2y,=1—-2%X1>?%x0=1-0=1

0.25 1X0.25

m, = f (X0 +2,y0 +720) = £ (1 + 22,0 + =52 = £(1.125,0.125) = 0.684

my = f (X0 +2,y0 +720) = f (1 +222,0 + — £(1.125,0.0855) = 0.784

0.684><0.25)

my, = f(xo + h,yo + mgh) = f(1+0.25,0 4+ 0.784 x 0.25) = f(1.25,0.196) = 0.388

Hence,

V1 =Y(xo+ h) =y +g(‘m1 + 2m, + 2m3 + my)

~ y(1.25) = 0+ = (142 X 0.684 + 2 X 0.784 + 0.388)
= (.18

214 jteration

Now,

x; =125&y, =0.18

m, = f(xy,y,) =1—2x%2y, =1—-2x%x1.252x0.18 =1 — 0.5625 = 0.437

0.25 0.437><0.25)

m, = f(x +5,0m +725) = £(125+ 2,018 + — £(1.375,0.235) = 0.111

0.25 0-111><0-25) = £(1.375,0.194) = 0.266

my = f (% + 2,91 +728) = £ (1.25+ 22,018 +
my = f(x, + by, + mgh) = £(1.25 + 0.25,0.18 + 0.266 x 0.25) = £(1.5,0.246) = -
0.107

Hence,

h
Y, =Y(x1+h) =y, +g(m1 + 2m, + 2m3 + my)

~ y(1.5) = 0.18 + 22 (0437 + 2 X 0.111 + 2 X 0.266 + (—0.107))

https://collegenote.pythonanywhere.com/ Prepared By: Jayanta Poudel




Numerical Methods

= (0.2251

-~ y(1.5) =0.2251

Solving Higher Order Differential Equation

A high order differential equation 1s 1 the form

dmy dy dzy dm—ly
Tom = f(x,y, dx’dxz""""""dxm‘l)
with m 1nitial condition given as;
y(xo) = a4
y'(x0) = a,

ym—l(xo) = Uy
Let us denote,

Y =W
dy

x Y2
d*y
dx2 Y3
dm—ly

dxm—1 — Ym

Then we can write,

d :
% =y, with y; (xo) = y10 = a4
d :
f = VY3 with yZ(xO) = Vo0 = a5
dym—l B ' h B B
dx T ym wit ym—l(x0) T y(m—l)o — am_1
dy™ g™ _
;l—x — dx?’i — F(x, ylf yz, ......... ,ym ) Wlth ym(xo) — ymo — am

This system 1s similar to the system of first order equation.
Hence, we can solve this by any procedure applied for first order equation.
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Representation of Higher Order Equation into Simultaneous Equation

Consider the seconder order differential equation
y'=fxyy)

y(x0) = ¥0, ¥ (x0) = ¥o
This can be converted into a system of Stmultaneous equations.

Putz =y’

Therefore the equation becomes z' = f(x,y, z)
y(x9) = yo

That 1s we have,
y' =z
z =f(xy,2)

y(x0) = Yo, 2(x9) = ¥o
This 1s a set of Simultaneous equations and hence can be solved. Any higher order equation
can thus be transformed into simultaneous equation.

Q. Solve the following differential equation for y(0.5) using Heun’s method.

2
2 +32 4 2xy = 1 with y(0) = Land y'(0) =1 .
Solution:
Here,
d4y

d°y | 2y _
+3dx+2xy—1

dx?

xo=0&y,=1,9y(0)=1=z

2
PutZ =z & differentiating w.r.to x we obtain d—z = &2
dx dx dx
Equation assumes the form:
dz
-t 3z+2xy =1
We have system of equations,
y' = j—z =z=f(x,9,62) [let slope = m;]
j—i =1—-2xy—3z=g9(x,vy,2) [let slope = [;]
let h = 0.5
Now,

ml - f(x()ry()rz()) - f(o;]-!]-) = 1
I, = g(xp,V0,20) = 9(0,1,1) =1—-2X0%Xx1—-3%x1=-2
Similarly,

m, = f(xo + h, vy + hmy, zo + hly) = F(O+ 0.514 0.5 X 1,1 + 0.5 X (=2))
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= (0.5,1.5,0) = 0
[, =9(0.5,150)=1—-2%x05%x15-3x0=-0.5

h
~y(0.5) =y, + E(ml + m;)

=1+=(1+0)
= 1.25

! / h
= ¥'(0.5) = y'(0) + - (Iy + )
= 1+=(-2-0.5)
= 0.375

Q. Solve the following differential equation to find y(0.1) using 4" order Runge-Kutta
method.

2
2y x22 _2xy =1 with y(0) = 1 and y'(0) = 0

dx? dx
Solution:
Here,
Y _ 2% ony =1
d x4 dx y

Xo = 0 &yo — 1,y’(0) =0 = Zo

2
Pt =z& differentiating w.r.to x we obtain d—z = &2
dx dx dx
Equation assumes the form:
82 25 _
Xz 2xy =1
We have system of equations,
y' = j—i =z=f(x,9,2) [let slope = m;]
z—i =14+ 2xy+x%z=g(x,y,z) [letslope=1]
We have,
h .
y(xo + h) = Vo + g(ml + 2m2 + 2m3 + mq,) ........... (1)

Xo+h=01=h=0.1

m4 =f(x0;yO:Z()) =f(0! 1; 0) — 0
[, = g(x0,Y0,20) = 9(0,1,0)=14+2x0x1+0°%x0=1
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m, = f (xo + 5,0 + 2%, 2o + %) = £(0.05, 1, 0.05) = 0.05
1, = g (%0 +2,y0 + 72,2 +27) = g(0.05, 1,0.05) = 1.10

m, = f(xo +2,0 + 722, 7 +@) — £(0.05, 1.0025, 0.055) = 0.055

2

1y = g (%0 +2,y0 + 725, 2 + 2°) = g(0.05, 10025, 0.055) = 1.1

m, = f(xo + h, yo + msh, zo + Ish) = £(0.1,1.005,0.11) = 0.11
L, = g(xo + h,yo + Mah, zy + l3h) = g(0.1,1.005,0.11) = 1.202

m,, m,, m; & m, values substituted n eq. (1)
y(0.1) =1 +=(0+2 X 0.05+ 2 X 0.055 + 0.11)

= 1.0053

Boundary Value Problem

Consider the following linear second order differential equation,

y"' + )y +gx)y = F(x)

Suppose we are interested in solving this differential equation between the values x =
a & z = b. Hence a & b are two values such that a < b. Let us divide the interval [a, b] into

n equal subintervals of length h each.

Let xg, X1, o on .o , X, be the pivotal points and b are called the boundary points. Solving the

differential equation means finding the values of y,, y4, ... ... ... ) Vi -

Suppose y, & y,, are given. That 1s the solution values at the boundary points are given. Then
the differential equation 1s called a Boundary Value Problem. So, the following 1s the

general form of a boundary value problem.
y'+ )y +gx)y = F(x)
y(@) =yo, yb)=yy

https://collegenote.pythonanywhere.com/




Numerical Methods

References:

- E. Balagurusamy, Numerical Methods, Tata McGraw-Hill

Please let me know 1f I missed anything or anything 1s

Incorrect.

Poudeljayanta99@gmail.com

https://collegenote.pythonanywhere.com/ Prepared By: Jayanta Poudel




